Abstract. We study an elliptic equation with measurable coefficients arising from photo-acoustic imaging in inhomogeneous media. We establish Hölder continuity of weak solutions and obtain pointwise bounds for Green's functions subject to Dirichlet or Neumann condition.
Introduction and main results
We consider an operator L of the form Lu = − div(γ(x)∇u) + iku acting on a complex-valued function u defined on a domain Ω ⊂ R n (n ≥ 3). Here, i = √ −1, k is a nonzero constant, and γ(x) is a real n × n matrix valued function satisfying
for some ν ∈ (0, 1]. The adjoint operator L * is given by
Note that the condition (1.1) is invariant if we replace γ by γ ⊤ . Therefore, even if L is not necessarily a symmetric operator, L and L * are operators of the same type. The operator L arises from quantitative photo-acoustic imaging in inhomogeneous media; see [1, 3] . The purpose of quantitative photo-acoustic imaging is to reconstruct the optical absorption coefficient of an optical anomaly from the absorbed energy density. The absorbed energy density is obtained from boundary measurements of the pressure induced by the thermo-elastic effect; see [10] . The reconstruction problem is challenging. One promising method is implemented in [2] in the framework of diametrically small optical anomalies. It uses asymptotic expansions of the energy density in terms of the characteristic size of the optical anomalies. Such expansions are based on estimates of the Neumann function of the operator L under the assumption that γ is uniformly continuous in Ω. This note aims at removing such regularity assumption and extending the results of [4] to real biological tissues.
We say that the function u ∈ H 1 (Ω) is a weak solution of
In this short article, we prove that any weak solution u of Lu = 0 satisfies the following De Giorgi-Moser-Nash type estimate in B r (x 0 ) ⊂ Ω:
where [u] α;B r (x 0 ) is the standard Hölder semi-norm of u over an open ball of radius r centered at x 0 . We emphasize that the constant C in the above estimate is independent of k and depends only on n and ν. Since u is complex valued and its real and imaginary parts are intertwined in the equation through the parameter k, this result is not immediate from the classical De Giorgi-Moser-Nash theory. We also establish similar estimates near the boundary for weak solutions satisfying zero Dirichlet or Neumann boundary condition. Then by utilizing these estimates, we construct Dirichlet and Neumann functions and derive the pointwise estimates for them; we show that they are bounded in modulus by C|x − y| 2−n . By Dirichlet's function we mean a function G(x, y) satisfying
and similarly, by Neumann function, we mean a function N(x, y) satisfying
The above definitions for Dirichlet and Neumann functions should be interpreted in a weak sense; see [4, Sec. 2.2] for details. Now, let us state our main results more precisely.
where α ∈ (0, 1) and C > 0 are constants depending only on n, ν, and p.
for any 0 < r < diam Ω, where C is a constant depending only on n, ν, and p. (iii) Suppose that Ω is a bounded Lipschitz domain and ∂u/∂ν = 0 on ∂Ω in the sense that for any ϕ ∈ H 1 (Ω) the identity (1.2) holds. Then, there is a constant C depending only on n, ν, p, and Ω such that the estimate (1.5) is valid for any 0 < r < diam Ω. Remark 1.6. It should be clear from the proof that the same conclusions of the preceding theorem hold true for any weak solution
In view of the proof of Theorem 1.3 below, by using the boundary De Giorgi-Moser-Nash theorem, it is easily seen that under the assumption of Theorem 1.3 ii) and a uniform exterior cone condition on Ω, we have the following Hölder estimate:
where α ∈ (0, 1) and C > 0 are constants depending only on n, ν, p and the parameters in a uniform exterior cone condition. The same estimate also holds under the assumption of Theorem 1.3 iii).
Theorem 1.8. (Dirichlet's function) There exists a unique Dirichlet function G(x, y) such that
9) where C is a constant depending only on n and ν. In particular, when Ω = R n , we have the fundamental solution with the pointwise estimate (1.9).
Theorem 1.10. (Neumann function) Let Ω be a bounded Lipschitz domain. There exists a unique Neumann function N(x, y) such that
where C is a constant depending only on n, ν, and Ω.
We note that a similar result regarding Neumann function N(x, y) was established in [4] under the stronger assumption that γ is uniformly continuous in Ω and Ω is a C 1 -domain. Therefore, our result is quite an improvement of that in [4] . We emphasize, however, that in [4] estimates of derivatives of the Neumann functions are also derived under additional smoothness assumptions on the coefficients and the domain.
Finally, one may wish to consider the case when k is not a constant but a variable coefficients k(x) and include lower order terms in L. Even in this case, our main estimates are independent of the size of k(x) but on the size of its "oscillation". We shall illustrate how to generalize our results to this case in Section 2.4. 
Note that the real and imaginary parts of v are solutions of a real scalar equation
and thus by the De Giorgi-Moser-Nash theorem applied to the real and imaginary parts of v, we have the parabolic Hölder estimate
where C depends only on n, ν, and p. Then for any x, y ∈ B r/2 (x 0 ) with x y, we have
Therefore, we have the estimate (1.4). This completes the proof for part (i). Next suppose that u ∈ H 
where C depends only on n, ν, and p. Then as in part (i), we get (1.5) from the above inequality. This completes the proof for part (ii). The proof for part (iii) is similar. 
in the space H (Ω R ) equipped with inner product
We define the sesquilinear form B :
It is easy to check that B satisfies the following:
Then by the Lax-Milgram lemma (in the complex case), there exists a unique
and u (R) satisfies the estimate
By taking v = u (R) in (2.3) and using Cauchy's inequality and the Sobolev embedding theorem, we get
Therefore, there exist a sequence {u j } and a function u in H 1 0
(Ω) such that u j ⇀ u weakly in H 1 (Ω), and u satisfies
Thus by taking the limit in (2.3), we have (Ω) is a weak solution of Lu = 0, then u = 0. This establishes uniqueness too.
Having unique solvability of the problem (2.2) and the part i) and ii) of Theorem 1.3, one can construct Dirichlet's function and obtain the pointwise bound (1.9) by following the same method as in [7] and [8] 
A generalization.
In this subsection, we show how to extend our results to operators with lower-order terms when k is not a constant but a variable coefficients k(x). We consider an operator L of the form 6) where
, and k(x) are real valued functions defined on Ω ⊂ R n . We assume that b,b, and c are bounded functions so that 
Choose p 1 ∈ (n/2, q) and p 2 ∈ (n/2, ∞) such that 1/p 1 = 1/q + 1/p 2 . By the previous statement regarding an operator L with k(x) ≡ k ∈ R, we have
where we used Hölder's inequality in the second line. Estimate (1.4) then follows from the inequality above and a standard iteration argument (cf. Remark 2.7. As in the classical De Giorgi-Nash-Moser theory, it is possible to relax assumptions on b,b, and c so that they belong to certain Lebesgue or Morrey spaces other than the L ∞ space. We leave the details to the interested reader.
